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07 Basis Manifold
Aleks Kleyn
Abstract. In this paper we study a symmetry group of vector space. Basis
manifold is a homogeneous space of a symmetry group. This concept leads
us to the definition of active and passive transformations on basis manifold.
Active transformation can be expressed as a transformation of vector space.
Passive transformation gives ability to define concepts of invariance and of
geometrical object.
1. Introduction
This paper was written under the great influence of the book [1]. The studying
of a homogenous space of a group of symmetry of a vector space leads us to the
definition of a basis of this space and a basis manifold. We introduce two types
of transformation of a basis manifold: active and passive transformations. The
difference between them is that the active transformation can be expressed as a
transformation of an original space. As it is shown in [1] passive transformation
gives ability to define concepts of invariance and of geometrical object.
Two opposite points of view about a geometrical object meet in definition 6.3.
On the one hand we determine coordinates of the geometrical object relative to a
given basis and introduce the law of transition of coordinates during transformation
of the basis. At the same time we study the set of coordinates of the geometrical
object relative to different bases as a single whole. This gives us an opportunity to
study the geometrical object without using coordinates.
2. Representation of Group
Definition 2.1. We call the map
t :M →M
nonsingular transformation, if there exists inverse map. 
Definition 2.2. Transformations is left-side transformations if it acts from left
u′ = tu
We denote l(M) the set of left-side nonsingular transformations of set M . 
Definition 2.3. Transformations is right-side transformations if it acts from
right
u′ = ut
We denote r(M) the set of right-side nonsingular transformations of set M . 
We denote δ identical transformation.
Key words and phrases. vector space, differential geometry, basis, geometrical object.
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Definition 2.4. Let G be group. We call map
(2.1) f : G→ l(M)
left-side representation of group G in set M if map f holds
(2.2) f(ab)u = f(a)(f(b)u)
(2.3) f(e) = δ

Definition 2.5. Let G be group. We call map
(2.4) f : G→ r(M)
right-side representation of group G in set M if map f holds
(2.5) uf(ab) = (uf(a))f(b)
(2.6) f(e) = δ

Any statement which holds for left-side representation of group holds also for
right-side representation. For this reason we use the common term representation
of group and use notation for left-side representation in case when it does not lead
to misunderstanding.
Theorem 2.6. For any g ∈ G
(2.7) f(g−1) = f(g)−1
Proof. Since (2.2) and (2.3), we have
u = δu = f(gg−1)u = f(g)(f(g−1)u)
This completes the proof. 
Theorem 2.7. Let l(M) be a group with respect to multiplication
(2.8) (t1t2)u = t1(t2u)
and δ be unit of group l(M). Let map (2.1) be a homomorphism of group
(2.9) f(ab) = f(a)f(b)
Then this map is representation of group G which we call left-side covariant
representation.
Proof. Since f is homomorphism of group, we have f(e) = δ.
Since (2.8) and (2.9), we have
f(ab)u = (f(a)f(b))u = f(a)(f(b)u)
According definition 2.4 f is representation. 
Theorem 2.8. Let r(M) be a group with respect to multiplication
(2.10) u(t1t2) = (ut1)t2
and δ be unit of group r(M). Let map (2.4) be a homomorphism of group
(2.11) f(ab) = f(a)f(b)
Then this map is representation of group G which we call right-side covariant
representation.
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Proof. Since f is homomorphism of group, we have f(e) = δ.
Since (2.10) and (2.11), we have
uf(ab) = u(f(a)f(b)) = (uf(a))f(b)
According definition 2.5 f is representation. 
Theorem 2.9. Let l(M) be a group with respect to multiplication
(2.12) (t2t1)u = t1(t2u)
and δ be unit of group l(M). Let map (2.1) be an antihomomorphism of group
(2.13) f(ba) = f(a)f(b)
Then this map is representation of group G which we call left-side contravariant
representation.
Proof. Since f is antihomomorphism of group, we have f(e) = δ.
Since (2.12) and (2.13), we have
f(ab)u = (f(b)f(a))u = f(a)(f(b)u)
According definition 2.4 f is representation. 
Theorem 2.10. Let r(M) be a group with respect to multiplication
(2.14) u(t2t1) = (ut1)t2
and δ be unit of group r(M). Let map (2.4) be an antihomomorphism of group
(2.15) f(ba) = f(a)f(b)
Then this map is representation of group G which we call right-side contravari-
ant representation.
Proof. Since f is antihomomorphism of group, we have f(e) = δ.
Since (2.14) and (2.15), we have
uf(ab) = u(f(b)f(a)) = (uf(a))f(b)
According definition 2.5 f is representation. 
Example 2.11. The group operation determines two different representations on
the group: the left shift which we introduce by the equation
(2.16) b′ = L(a)b = ab
and the right shift which we introduce by the equation
(2.17) b′ = R(a)b = ba

Theorem 2.12. Let representation
u′ = f(a)u
be covariant representation. Then representation
u′ = h(a)u = f(a−1)u
is contravariant representation.
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Proof. Statement follows from chain of equations
h(ab) = f((ab)−1) = f(b−1a−1) = f(b−1)f(a−1) = h(b)h(a)

Definition 2.13. Let f be representation of the group G in setM . For any v ∈M
we define orbit of representation of the group G as set
O(v, g ∈ G, f(g)v) = {w = f(g)v : g ∈ G}

Since f(e) = δ we have v ∈ O(v, g ∈ G, f(g)v).
Theorem 2.14. Suppose
(2.18) v ∈ O(u, g ∈ G, f(g)u)
Then
O(u, g ∈ G, f(g)u) = O(v, g ∈ G, f(g)v)
Proof. From (2.18) it follows that there exists a ∈ G such that
(2.19) v = f(a)u
Suppose w ∈ O(v, g ∈ G, f(g)v). Then there exists b ∈ G such that
(2.20) w = f(b)v
If we substitute (2.19) into (2.20) we get
(2.21) w = f(b)(f(a)u)
Since (2.2), we see that from (2.21) it follows that w ∈ O(u, g ∈ G, f(g)u). Thus
O(v, g ∈ G, f(g)v) ⊆ O(u, g ∈ G, f(g)u)
Since (2.7), we see that from (2.19) it follows that
(2.22) u = f(a)−1v = f(a−1)v
From (2.22) it follows that u ∈ O(v, g ∈ G, f(g)v) and therefore
O(u, g ∈ G, f(g)u) ⊆ O(v, g ∈ G, f(g)v)
This completes the proof. 
Theorem 2.15. Suppose f1 is representation of group G in set M1 and f2 is
representation of group G in set M2. Then we introduce direct product of rep-
resentations f1 and f2 of group
f = f1 ⊗ f2 : G→M1 ⊗M2
f(g) = (f1(g), f2(g))
Proof. To show that f is a representation, it is enough to prove that f satisfies the
definition 2.4.
f(e) = (f1(e), f2(e)) = (δ1, δ2) = δ
f(ab)u = (f1(ab)u1, f2(ab)u2)
= (f1(a)(f1(b)u1), f2(a)(f2(b)u2))
= f(a)(f1(b)u1, f2(b)u2)
= f(a)(f(b)u)
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3. Single Transitive Representation of Group
Definition 3.1. We call kernel of inefficiency of representation of group G
a set
Kf = {g ∈ G : f(g) = δ}
If Kf = {e} we call representation of group G effective. 
Theorem 3.2. A kernel of inefficiency is a subgroup of group G.
Proof. Assume f(a1) = δ and f(a2) = δ. Then
f(a1a2)u = f(a1)(f(a2)u) = u
f(a−1) = f−1(a) = δ

If an action is not effective we can switch to an effective one by changing group
G1 = G|Kf using factorization by the kernel of inefficiency. This means that we
can study only an effective action.
Definition 3.3. We call a representation of group transitive if for any a, b ∈ V
exists such g that
a = f(g)b
We call a representation of group single transitive if it is transitive and effective.

Theorem 3.4. Representation is single transitive if and only if for any a, b ∈ V
exists one and only one g ∈ G such that a = f(g)b
Definition 3.5. We call a space V homogeneous space of group G if we have
single transitive representation of group G on V . 
Theorem 3.6. If we define a single transitive representation f of the group G on
the manifold A then we can uniquely define coordinates on A using coordinates on
the group G.
If f is a covariant representation than f(a) is equivalent to the left shift L(a) on
the group G. If f is a contravariant representation than f(a) is equivalent to the
right shift R(a) on the group G.
Proof. We select a point v ∈ A and define coordinates of a point w ∈ A as coordi-
nates of the transformation a such that w = f(a)v. Coordinates defined this way
are unique up to choice of an initial point v ∈ A because the action is effective.
If f is a covariant representation we will use the notation
f(a)v = av
Because the notation
f(a)(f(b)v) = a(bv) = (ab)v = f(ab)v
is compatible with the group structure we see that the covariant representation f
is equivalent to the left shift.
If f is a contravariant representation we will use the notation
f(a)v = va
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Because the notation
f(a)(f(b)v) = (vb)a = v(ba) = f(ba)v
is compatible with the group structure we see that the contravariant representation
f is equivalent to the right shift. 
Theorem 3.7. Left and right shifts on group G are commuting.
Proof. This is the consequence of the associativity on the group G
(L(a)R(b))c = a(cb) = (ac)b = (R(b)L(a))c

Theorem 3.8. If we defined a single transitive representation f on the manifold A
then we can uniquely define a single transitive representation h such that diagram
M
h(a) //
f(b)

M
f(b)

M
h(a)
// M
is commutative for any a, b ∈ G.1
Proof. We use group coordinates for points v ∈ A. For the simplicity we assume
that f is a covariant representation. Then according to theorem 3.6 we can write
the left shift L(a) instead of the transformation f(a).
Let points v0, v ∈ A. Then we can find one and only one a ∈ G such that
v = v0a = R(a)v0
We assume
h(a) = R(a)
For some b ∈ G we have
w0 = f(b)v0 = L(b)v0 w = f(b)v = L(b)v
According to theorem 3.7 the diagram
(3.1) v0
h(a)=R(a) //
f(b)=L(b)

v
f(b)=L(b)

w0
h(a)=R(a)
// w
is commutative.
Changing b we get that w0 is an arbitrary point of A.
We see from the diagram that if v0 = v than w0 = w and therefore h(e) = δ. On
other hand if v0 6= v then w0 6= w because the representation f is single transitive.
Therefore the representation h is effective.
In the same way we can show that for given w0 we can find a such that w =
h(a)w0. Therefore the representation is single transitive.
1The theorem 3.8 is really very interesting. However its meaning becomes more clear when
we apply this theorem to basis manifold, see section 5.
6
Aleks Kleyn
Basis Manifold
In general the representation f is not commutative and therefore the represen-
tation h is different from the representation f . In the same way we can create a
representation f using the representation h. 
Remark 3.9. It is clear that transformations L(a) and R(a) are different until the
group G is nonabelian. However they both are maps onto. Theorem 3.8 states
that if both right and left shift presentations exist on the manifold A we can define
two commuting representations on the manifold A. The left shift or the right shift
only cannot present both types of representation. To understand why it is so let
us change diagram (3.1) and assume h(a)v0 = L(a)v0 = v instead of h(a)v0 =
R(a)v0 = v and let us see what expression h(a) has at the point w0. The diagram
v0
h(a)=L(a) //
f(b)=L(b)

v
f(b)=L(b)

w0
h(a)
// w
is equivalent to the diagram
v0
h(a)=L(a) // v
f(b)=L(b)

w0
h(a)
//
f−1(b)=L(b−1)
OO
w
and we have w = bv = bav0 = bab
−1w0. Therefore
h(a)w0 = (bab
−1)w0
We see that the representation of h depends on its argument. 
4. Linear Representation of Group
Suppose we introduce additional structure on set M . Then we create an addi-
tional requirement for the representation of group.
Since we introduce continuity on set M , we suppose that transformation
u′ = f(a)u
is continuous in u. Therefore, we get
∣
∣
∣
∣
∂u′
∂u
∣
∣
∣
∣
6= 0
Suppose M is a group. Then representations of left and right shifts have great
importance.
Definition 4.1. Let M be vector space V over field F . We call the representation
of group G in vector space V linear representation if f(a) is homomorphism of
space V for any a ∈ G. 
Remark 4.2. Let transformation f(a) be linear homogeneous transformation. fβγ (a)
are elements of the matrix of transformation. We usually assume that the lower
index enumerates rows in the matrix and the upper index enumerates columns.
According to the matrix product rule we can present coordinates of a vector as
a row of a matrix. We call such vector a row vector. We can also study a vector
7
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whose coordinates form a column of a matrix. We call such vector a column
vector.
Left-side linear representation in column vector space
u′ = f(a)u u′α = f
β
α (a)uβ a ∈ G
is covariant representation
u′′γ = f
β
γ (ba)uβ = f
α
γ (b)(f
β
α (a)uβ) = (f
α
γ (b)f
β
α (a))uβ
Left-side linear representation in row vector space
u′ = f(a)u u′α = fαβ (a)u
β a ∈ G
is contravariant representation
u′′γ = fγβ (ba)u
β = fγα(b)(f
α
β (a)u
β) = (fαβ (a)f
γ
α(b))u
β
Right-side representation in column vector space
u′ = uf(a) u′α = uβf
β
α (a) a ∈ G
is contravariant representation
u′′γ = uβf
β
γ (ab) = (uβf
β
α (a))f
α
γ (b) = uβ(f
α
γ (b)f
β
α (a))
Right-side representation in row vector space
u′ = uf(a) u′α = uβfαβ (a) a ∈ G
is covariant representation
u′′γ = uβfγβ (ab) = (u
βfαβ (a))f
γ
α(b) = u
β(fαβ (a)f
γ
α(b))

Remark 4.3. Studying linear representations we clearly use tensor notation. We
can use only upper index and notation u•.α instead of uα. Then we can write the
transformation of this object in the form
u′•.α = f
•.
α•
β
. u
•.
β
This way we can hide the difference between covariant and contravariant represen-
tations. This similarity goes as far as we need. 
5. Basis in Vector Space
Assume we have vector space V and contravariant right-side effective linear rep-
resentation of group G = G(V). We usually call group G(V) symmetry group.
Without loss of generality we identify element g of group G with corresponding
transformation of representation and write its action on vector v ∈ V as vg.
This point of view allows introduction of two types of coordinates for element
g of group G. We can either use coordinates defined on the group, or introduce
coordinates as elements of the matrix of the corresponding transformation. The
former type of coordinates is more effective when we study properties of group G.
The latter type of coordinates contains redundant data; however, it may be more
convenient when we study representation of group G. The latter type of coordinates
is called coordinates of representation.
A maximal set of linearly independent vectors e =< e(i) > is called a basis. In
case when we want to show clearly that this is the basis in vector V we use notation
eV .
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Any homomorphism of the vector space maps one basis into another. Thus we
can extend a covariant representation of the symmetry group to the set of bases.
We write the action of element g of group G on basis e as R(g)e. However not every
two bases can be mapped by a transformation from the symmetry group because
not every nonsingular linear transformation belongs to the representation of group
G. Therefore, we can present the set of bases as a union of orbits of group G.
Properties of basis depend on the symmetry group. We can select basis e vectors
of which are in a relationship which is invariant relative to symmetry group. In this
case all bases from orbit O(e, g ∈ G,R(g)e) have vectors which satisfy the same
relationship. Such a basis we call G-basis. In each particular case we need to prove
the existence of a basis with certain properties. If such a basis does not exist we
can choose an arbitrary basis.
Definition 5.1. We call orbit O(e, g ∈ G,R(g)e) of the selected basis e the basis
manifold B(V) of vector space V . 
Theorem 5.2. Representation of group G on basis manifold is single transitive
representation.
Proof. According to definition 5.1 at least one transformation of representation is
defined for any two bases. To prove this theorem it is sufficient to show that this
transformation is unique.
Consider elements g1, g2 of group G and a basis e such that
(5.1) Rg1e = Rg2e
From (5.1) it follows that
(5.2) Rg−1
2
Rg1e = Rg1g−12
e = e
Because any vector has a unique expansion relative to basis e it follows from (5.2)
that Rg1g−12
is an identical transformation of vector space V . g1 = g2 because
representation of group G is effective on vector space V . Statement of the theorem
follows from this. 
Theorem 5.2 means that the basis manifold B(V) is a homogenous space of group
G. We constructed contravariant right-side single transitive linear representation
of group G on the basis manifold. Such representation is called active repre-
sentation. A corresponding transformation on the basis manifold is called active
transformation ([2]) because the homomorphism of the vector space induced this
transformation.
According to theorem 3.6 because basis manifold B(V) is a homogenous space of
group G we can introduce on B(V) two types of coordinates defined on group G.
In both cases coordinates of basis e are coordinates of the homomorphism mapping
a fixed basis e0 to the basis e. Coordinates of representation are called standard
coordinates of basis. We can show that standard coordinates eik of basis e for
certain value of k are coordinates of vectors ek ∈ e relative to a fixed basis e0.
Basis e creates coordinates in V . In different types of space it may be done in
different ways. In affine space if node of basis is point A than point B has the
same coordinates as vector
−→
AB relative basis e. In a general case we introduce
coordinates of a vector as coordinates relative to the selected basis. Using only
bases of type G means using of specific coordinates on An. To distinguish them we
call this G-coordinates. We also call the space V with such coordinates G-space.
9
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According to theorem 3.8 another representation, commuting with passive, exists
on the basis manifold. As we see from remark 3.9 transformation of this represen-
tation is different from a passive transformation and cannot be reduced to trans-
formation of space V . To emphasize the difference this transformation is called a
passive transformation of vector space V and the representation is called pas-
sive representation. We write the passive transformation of basis e, defined by
element g ∈ G, as L(g)e.
5.1. Basis in Affine Space. We identify vectors of the affine space An with pair
of points
−→
AB. All vectors that have a common beginning A create a vector space
that we call a tangent vector space TAAn.
A topology that An inherits from the map An → R
n allows us to study smooth
transformations of An and their derivatives. More particularly, the derivative of
transformation f maps the vector space TAAn into Tf(A)An. If f is linear then its
derivative is the same at every point. Introducing coordinates A1, ..., An of a point
A ∈ An we can write a linear transformation as
A′i = P ijA
j +Ri detP 6= 0(5.3)
Derivative of this transformation is defined by matrix ‖P ij‖. and does not depend
on point A. Vector (R1, ..., Rn) expresses displacement in affine space. Set of
transformations (5.3) is the group Lie which we denote as GL(An) and call affine
transformation group.
Definition 5.3. Affine basis e =< O, ei > is set of linear independent vectors
ei =
−→
OAi = (e
1
i , ..., e
n
i ) with common start point O = (O
1, ..., On). 
Definition 5.4. Basis manifold B(An) of affine space is set of bases of this
space. 
An active transformation is called affine transformation. A passive transfor-
mation is called quasi affine transformation.
If we do not concern about starting point of a vector we see little different type
of space which we call central affine space CAn. In the central affine space we can
identify all tangent spaces and denote them TCAn. If we assume that the start
point of vector is origin O of coordinate system in space then we can identify any
point A ∈ CAn with the vector a =
−→
OA. This leads to identification of CAn and
TCAn. Now transformation is simply map
a′i = P ija
j detP 6= 0
and such transformations build up Lie group GLn.
Definition 5.5. Central affine basis e =< ei > is set of linearly independent
vectors ei = (e
1
i , ..., e
n
i ). 
Definition 5.6. Basis manifold B(CAn) of central affine space is set of bases
of this space. 
5.2. Basis in Euclid Space. When we introduce a metric in a central affine space
we get a new geometry because we can measure a distance and a length of vector. If
a metric is positive defined we call the space Euclid En otherwise we call the space
pseudo Euclid Enm.
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Transformations that preserve length form Lie group SO(n) for Euclid space and
Lie group SO(n,m) for pseudo Euclid space where n and m number of positive and
negative terms in metrics.
Definition 5.7. Orthonornal basis e =< ei > is set of linearly independent vec-
tors ei = (e
1
i , ..., e
n
i ) such that length of each vector is 1 and different vectors are
orthogonal. 
We can prove existence of orthonormal basis using Gram-Schmidt orthogonal-
ization procedure.
Definition 5.8. Basis manifold B(En) of Euclid space is set of orthonornal
bases of this space. 
A active transformation is called movement. An passive transformation is
called quasi movement.
6. Geometrical Object of Vector Space
An active transformation changes bases and vectors uniformly and coordinates
of vector relative basis do not change. A passive transformation changes only the
basis and it leads to change of coordinates of vector relative to basis.
Let passive transformation L(a) ∈ G defined by matrix (aij) maps basis e =<
ei >∈ B(V) into basis e
′ =< e′i >∈ B(V)
(6.1) e′j = a
i
jei
Let vector v ∈ V have expansion
(6.2) v = viei
relative to basis e and have expansion
(6.3) v = v′ie′i
relative to basis e′. From (6.1) and (6.3) it follows that
(6.4) v = v′jaijei
Comparing (6.2) and (6.4) we get
(6.5) vi = v′jaij
Because aij is nonsingular matrix we get from (6.5)
(6.6) v′i = vja−1ij
Coordinate transformation (6.6) does not depend on vector v or basis e, but is
defined only by coordinates of vector v relative basis e.
Suppose we select basis e. Then the set of coordinates (vi) relative to this basis
forms a vector space V˜ isomorphic to vector space V . This vector space is called co-
ordinate vector space. This isomorphism is called coordinate isomorphism.
Denote by δk = (δ
i
k) the image of vector ek ∈ e under this .
Theorem 6.1. Coordinate transformations (6.6) form right-side contravariant ef-
fective linear representation of group G which is called coordinate representa-
tion.
11
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Proof. Suppose we have two consecutive passive transformations L(a) and L(b).
Coordinate transformation (6.6) corresponds to passive transformation L(a). Co-
ordinate transformation
(6.7) v′′k = v′ib−1ki
corresponds to passive transformation Lb. Product of coordinate transformations
(6.6) and (6.7) has form
(6.8) v′′k = vja−1ijb
−1k
i = v
j(ba)−1kj
and is coordinate transformation corresponding to passive transformation Lba. It
proves that coordinate transformations form contravariant right-side linear repre-
sentation of group G.
Suppose coordinate transformation does not change vectors δk. Then unit of
group G corresponds to it because representation is single transitive. Therefore,
coordinate representation is effective. 
Let homomorphism of group G to the group of passive transformations of vector
space W be coordinated with symmetry group of vector space V . This means that
passive transformation L(a) of vector space W corresponds to passive transforma-
tion L(a) of vector space V .
(6.9) E′α = A
β
α(a)Eβ
Then coordinate transformation in W gets form
(6.10) w′α = wβA(a−1)αβ = w
βA(a)−1αβ
Definition 6.2. Orbit
O((w, eV), a ∈ G, (wA(a)
−1, L(a)eV))
is called geometrical object in coordinate representation defined in vector
space V . For any basis e′
V
= L(a)eV corresponding point (6.10) of orbit defines
coordinates of geometrical object relative basis e′
V
. 
Definition 6.3. Orbit
O((w, eW , eV), a ∈ G, (wA(a)
−1, L(a)eW , L(a)eV))
is called geometrical object defined in vector space V . For any basis e′
V
= L(a)eV
corresponding point (6.10) of orbit defines coordinates of a geometrical object
relative to basis e′
V
and the corresponding vector
w = w′αE′α
is called representative of geometrical object in basis e′
V
. 
We also say that w is a geometrical object of type A
Since a geometrical object is an orbit of representation, we see that according to
theorem 2.14 the definition of the geometrical object is a proper definition.
Definition 6.2 introduces a geometrical object in coordinate space. We assume
in definition 6.3 that we selected a basis in vector space W . This allows using a
representative of the geometrical object instead of its coordinates.
Theorem 6.4 (invariance principle). Representative of geometrical object does
not depend on selection of basis e′
V
.
12
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Proof. To define representative of geometrical object, we need to select basis eV ,
basis eW = (Eα) and coordinates of geometrical object w
α. Corresponding repre-
sentative of geometrical object has form
w = wαEα
Suppose we map basis eV to basis e
′
V
by passive transformation L(a). Accord-
ing building this forms passive transformation (6.9) and coordinate transformation
(6.10). Corresponding representative of geometrical object has form
w′ = w′αE′α = w
βA(a)−1αβA
γ
α(a)Eγ = w
′βE′β = w
Therefore representative of geometrical object is invariant relative selection of basis.

Definition 6.5. Let
w1 = w
α
1Eα
w2 = w
α
2Eα
be geometrical objects of the same type defined in vector space V . Geometrical
object
w = (wα1 + w
α
2 )Eα
is called sum
w = w1 + w2
of geometrical objects w1 and w2. 
Definition 6.6. Let
w1 = w
α
1Eα
be geometrical object defined in vector space V over field F . Geometrical object
w2 = (kw
α
1 )Eα
is called product
w2 = kw1
of geometrical object w1 and constant k ∈ F . 
Theorem 6.7. Geometrical objects of type A defined in vector space V over field
F form vector space over field F .
Proof. The statement of the theorem follows from immediate verification of the
properties of vector space. 
7. References
[1] P. K. Rashevsky, Riemann Geometry and Tensor Calculus,
Moscow, Nauka, 1967
[2] Granino A. Korn, Theresa M. Korn, Mathematical Handbook for Scien-
tists and Engineer, McGraw-Hill Book Company, New York, San Francisco,
Toronto, London, Sydney, 1968
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4
R(g)e active transformation 9
R(a)b right shift 3
r(M) set of right-side nonsingular
transformations of set M 1
V˜ coordinate vector space 11
(vi) coordinates in vector space 11
V vector space 8
δ identical transformation 1
δk = (δ
i
k
) image of vector ek ∈ e under
isomorphism to coordinate vector
space 11
15
ar
X
iv
:m
at
h/
04
12
39
1v
4 
 [m
ath
.D
G]
  1
2 A
ug
 20
07 Ìíîãîîáðàçèå áàçèñîâ
Àëåêñàíäð Êëåéí
Àííîòàöèÿ. Â ýòîé ñòàòüå ìû èçó÷àåì ãðóïïó ñèììåòðèé âåêòîðíîãî
ïðîñòðàíñòâà. Ìíîãîîáðàçèå áàçèñîâ ÿâëÿåòñÿ îäíîðîäíûì ïðîñòðàíñòâîì
ãðóïïû ñèììåòðèé. Ýòî ïðèâîäèò ê îïðåäåëåíèþ àêòèâíîãî ì ïàññèâíîãî
ïðåîáðàçîâàíèé íà ìíîãîîáðàçèè áàçèñîâ. Àêòèâíîå ïðåîáðàçîâàíèå ñâÿçà-
íî ñ ïðåîáðàçîâàíèåì âåêòîðíîãî ïðîñòðàíñòâà. Ïàññèâíîå ïðåîáðàçîâàíèå
äà¼ò âîçìîæíîñòü îïðåäåëèòü ïîíÿòèÿ èíâàðèàíòíîñòè è ãåîìåòðè÷åñêîãî
îáúåêòà.
1. Ââåäåíèå
Ýòà ñòàòüÿ áûëà íàïèñàíà ïîä áîëüøèì âëèÿíèåì êíèãè [1℄. Èçó÷åíèå îäíî-
ðîäíîãî ïðîñòðàíñòâà ãðóïïû ñèììåòðèé âåêòîðíîãî ïðîñòðàíñòâà âåä¼ò íàñ ê
îïðåäåëåíèþ áàçèñà ýòîãî ïðîñòðàíñòâà è ìíîãîîáðàçèÿ áàçèñîâ. Ìû ââîäèì
äâà òèïà ïðåîáðàçîâàíèé ìíîãîîáðàçèÿ áàçèñîâ: àêòèâíûå è ïàññèâíûå ïðåîá-
ðàçîâàíèÿ. àçëè÷èå ìåæäó íèìè ñîñòîèò â òîì, ÷òî àêòèâíîå ïðåîáðàçîâàíèå
ìîæåò áûòü âûðàæåíî êàê ïðåîáðàçîâàíèå èñõîäíîãî ïðîñòðàíñòâà. Êàê ïî-
êàçàíî â [1℄, ïàññèâíîå ïðåîáðàçîâàíèå äà¼ò âîçìîæíîñòü îïðåäåëèòü ïîíÿòèÿ
èíâàðèàíòíîñòè è ãåîìåòðè÷åñêîãî îáúåêòà.
Ìû èìååì äâå ïðîòèâîïîëîæíûå òî÷êè çðåíèÿ íà ãåîìåòðè÷åñêèé îáúåêò.
Ñ îäíîé ñòîðîíû ìû èêñèðóåì êîîðäèíàòû ãåîìåòðè÷åñêîãî îáúåêòà îòíî-
ñèòåëüíî çàäàííîãî áàçèñà è óêàçûâàåì çàêîí ïðåîáðàçîâàíèÿ êîîðäèíàò ïðè
çàìåíå áàçèñà. Â òî æå âðåìÿ ìû ðàññìàòðèâàåì âñþ ñîâîêóïíîñòü êîîðäèíàò
ãåîìåòðè÷åñêîãî îáúåêòà îòíîñèòåëüíî ðàçëè÷íûõ áàçèñîâ êàê åäèíîå öåëîå.
Ýòî äà¼ò íàì âîçìîæíîñòü áåñêîîðäèíàòíîãî èçó÷åíèÿ ãåîìåòðè÷åñêîãî îáú-
åêòà.
2. Ïðåäñòàâëåíèå
Îïðåäåëåíèå 2.1. Ìû áóäåì íàçûâàòü îòîáðàæåíèå
t :M →M
íåâûðîæäåííûì ïðåîáðàçîâàíèåì, åñëè ñóùåñòâóåò îáðàòíîå îòîáðàæå-
íèå. 
Îïðåäåëåíèå 2.2. Ïðåîáðàçîâàíèå íàçûâàåòñÿ ëåâîñòîðîííèì ïðåîáðàçî-
âàíèåì åñëè îíî äåéñòâóåò ñëåâà
u′ = tu
Ìû áóäåì îáîçíà÷àòü l(M) ìíîæåñòâî ëåâîñòîðîííèõ íåâûðîæäåííûõ ïðåîá-
ðàçîâàíèé ìíîæåñòâà M . 
Key words and phrases. âåêòîðíîå ïðîñòðàíñòâî, äèåðåíöèàëüíàÿ ãåîìåòðèÿ, áàçèñ,
ãåîìåòðè÷åñêèé îáúåêò.
Aleks_KleynMailAPS.org.
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Îïðåäåëåíèå 2.3. Ïðåîáðàçîâàíèå íàçûâàåòñÿ ïðàâîñòîðîííèì ïðåîáðà-
çîâàíèåì åñëè îíî äåéñòâóåò ñïðàâà
u′ = ut
Ìû áóäåì îáîçíà÷àòü r(M) ìíîæåñòâî ïðàâîñòîðîííèõ íåâûðîæäåííûõ ïðå-
îáðàçîâàíèé ìíîæåñòâà M . 
Ìû áóäåì îáîçíà÷àòü δ òîæäåñòâåííîå ïðåîáðàçîâàíèå.
Îïðåäåëåíèå 2.4. Ïóñòü G - ãðóïïà. Ìû áóäåì íàçûâàòü îòîáðàæåíèå
(2.1) f : G→ l(M)
ëåâîñòîðîííèì ïðåäñòàâëåíèåì ãðóïïû G â ìíîæåñòâå M , åñëè îòîáðà-
æåíèå f óäîâëåòâîðÿåò óñëîâèÿì
(2.2) f(ab)u = f(a)(f(b)u)
(2.3) f(e) = δ

Îïðåäåëåíèå 2.5. Ïóñòü G - ãðóïïà. Ìû áóäåì íàçûâàòü îòîáðàæåíèå
(2.4) f : G→ r(M)
ïðàâîñòîðîííèì ïðåäñòàâëåíèåì ãðóïïû G â ìíîæåñòâåM , åñëè îòîáðà-
æåíèå f óäîâëåòâîðÿåò óñëîâèÿì
(2.5) uf(ab) = (uf(a))f(b)
(2.6) f(e) = δ

Ëþáîå óòâåðæäåíèå, ñïðàâåäëèâîå äëÿ ëåâîñòîðîííåãî ïðåäñòàâëåíèÿ ãðóï-
ïû, áóäåò ñïðàâåäëèâî äëÿ ïðàâîñòîðîííåãî ïðåäñòàâëåíèÿ. Ïîýòîìó ìû áóäåì
ïîëüçîâàòüñÿ îáùèì òåðìèíîì ïðåäñòàâëåíèå ãðóïïû è áóäåì ïîëüçîâàòüñÿ
îáîçíà÷åíèÿìè äëÿ ëåâîñòîðîííåãî ïðåäñòàâëåíèÿ â òåõ ñëó÷àÿõ, êîãäà ýòî íå
âûçûâàåò íåäîðàçóìåíèÿ.
Òåîðåìà 2.6. Äëÿ ëþáîãî g ∈ G
(2.7) f(g−1) = f(g)−1
Äîêàçàòåëüñòâî. Íà îñíîâàíèè (2.2) è (2.3), ìû ìîæåì çàïèñàòü
u = δu = f(gg−1)u = f(g)(f(g−1)u)
Ýòî çàâåðøàåò äîêàçàòåëüñòâî. 
Òåîðåìà 2.7. Ïóñòü l(M) - ãðóïïà îòíîñèòåëüíî óìíîæåíèÿ
(2.8) (t1t2)u = t1(t2u)
è δ - åäèíèöà ãðóïïû l(M). Åñëè îòîáðàæåíèå (2.1) ÿâëÿåòñÿ ãîìîìîðèçìîì
ãðóïï
(2.9) f(ab) = f(a)f(b)
òî ýòî îòîáðàæåíèå ÿâëÿåòñÿ ïðåäñòàâëåíèåì ãðóïïû G, êîòîðîå ìû áóäåì
íàçûâàòü ëåâîñòîðîííèì êîâàðèàíòíûì ïðåäñòàâëåíèåì.
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Äîêàçàòåëüñòâî. Òàê êàê f - ãîìîìîðèçì ãðóïï, òî f(e) = δ.
Ñîãëàñíî (2.8) è (2.9)
f(ab)u = (f(a)f(b))u = f(a)(f(b)u)
Ñîãëàñíî îïðåäåëåíèþ 2.4 f ÿâëÿåòñÿ ïðåäñòàâëåíèåì. 
Òåîðåìà 2.8. Ïóñòü r(M) - ãðóïïà îòíîñèòåëüíî óìíîæåíèÿ
(2.10) u(t1t2) = (ut1)t2
è δ - åäèíèöà ãðóïïû r(M). Åñëè îòîáðàæåíèå (2.4) ÿâëÿåòñÿ ãîìîìîðèçìîì
ãðóïï
(2.11) f(ab) = f(a)f(b)
òî ýòî îòîáðàæåíèå ÿâëÿåòñÿ ïðåäñòàâëåíèåì ãðóïïû G, êîòîðîå ìû áóäåì
íàçûâàòü ïðàâîñòîðîííèì êîâàðèàíòíûì ïðåäñòàâëåíèåì.
Äîêàçàòåëüñòâî. Òàê êàê f - ãîìîìîðèçì ãðóïï, òî f(e) = δ.
Ñîãëàñíî (2.10) è (2.11)
uf(ab) = u(f(a)f(b)) = (uf(a))f(b)
Ñîãëàñíî îïðåäåëåíèþ 2.5 f ÿâëÿåòñÿ ïðåäñòàâëåíèåì. 
Òåîðåìà 2.9. Ïóñòü l(M) - ãðóïïà îòíîñèòåëüíî óìíîæåíèÿ
(2.12) (t2t1)u = t1(t2u)
è δ - åäèíèöà ãðóïïû l(M). Åñëè îòîáðàæåíèå (2.1) ÿâëÿåòñÿ àíòèãîìîìîð-
èçìîì ãðóïï
(2.13) f(ba)u = f(a)f(b)
òî ýòî îòîáðàæåíèå ÿâëÿåòñÿ ïðåäñòàâëåíèåì ãðóïïû G, êîòîðîå ìû áóäåì
íàçûâàòü ëåâîñòîðîííèì êîíòðàâàðèàíòíûì ïðåäñòàâëåíèåì.
Äîêàçàòåëüñòâî. Òàê êàê f - àíòèãîìîìîðèçì ãðóïï, òî f(e) = δ.
Ñîãëàñíî (2.12) è (2.13)
f(ab)u = (f(b)f(a))u = f(a)(f(b)u)
Ñîãëàñíî îïðåäåëåíèþ 2.4 f ÿâëÿåòñÿ ïðåäñòàâëåíèåì. 
Òåîðåìà 2.10. Ïóñòü r(M) - ãðóïïà îòíîñèòåëüíî óìíîæåíèÿ
(2.14) u(t2t1) = (ut1)t2
è δ - åäèíèöà ãðóïïû r(M). Åñëè îòîáðàæåíèå (2.4) ÿâëÿåòñÿ àíòèãîìîìîð-
èçìîì ãðóïï
(2.15) f(ba)u = f(a)f(b)
òî ýòî îòîáðàæåíèå ÿâëÿåòñÿ ïðåäñòàâëåíèåì ãðóïïû G, êîòîðîå ìû áóäåì
íàçûâàòü ïðàâîñòîðîííèì êîíòðàâàðèàíòíûì ïðåäñòàâëåíèåì.
Äîêàçàòåëüñòâî. Òàê êàê f - àíòèãîìîìîðèçì ãðóïï, òî f(e) = δ.
Ñîãëàñíî (2.14) è (2.15)
uf(ab) = u(f(b)f(a)) = (uf(a))f(b)
Ñîãëàñíî îïðåäåëåíèþ 2.5 f ÿâëÿåòñÿ ïðåäñòàâëåíèåì. 
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Ïðèìåð 2.11. ðóïïîâàÿ îïåðàöèÿ îïðåäåëÿåò äâà ðàçëè÷íûõ ïðåäñòàâëåíèÿ
íà ãðóïïå: ëåâûé ñäâèã, êîòîðûé ìû îïðåäåëÿåì ðàâåíñòâîì
(2.16) b′ = L(a)b = ab
è ïðàâûé ñäâèã, êîòîðûé ìû îïðåäåëÿåì ðàâåíñòâîì
(2.17) b′ = R(a)b = ba

Òåîðåìà 2.12. Ïóñòü ïðåäñòàâëåíèå
u′ = f(a)u
ÿâëÿåòñÿ êîâàðèàíòíûì ïðåäñòàâëåíèåì. Òîãäà ïðåäñòàâëåíèå
u′ = h(a)u = f(a−1)u
ÿâëÿåòñÿ êîíòðàâàðèàíòíûì ïðåäñòàâëåíèåì.
Äîêàçàòåëüñòâî. Óòâåðæäåíèå ñëåäóåò èç öåïî÷êè ðàâåíñòâ
h(ab) = f((ab)−1) = f(b−1a−1) = f(b−1)f(a−1) = h(b)h(a)

Îïðåäåëåíèå 2.13. Ïóñòü f - ïðåäñòàâëåíèå ãðóïïû G â ìíîæåñòâå M . Äëÿ
ëþáîãî v ∈M ìû îïðåäåëèì îðáèòó ïðåäñòàâëåíèÿ ãðóïïû G êàê ìíîæå-
ñòâî
O(v, g ∈ G, f(g)v) = {w = f(g)v : g ∈ G}

Òàê êàê f(e) = δ, òî v ∈ O(v, g ∈ G, f(g)v).
Òåîðåìà 2.14. Åñëè
(2.18) v ∈ O(u, g ∈ G, f(g)u)
òî
O(u, g ∈ G, f(g)u) = O(v, g ∈ G, f(g)v)
Äîêàçàòåëüñòâî. Èç (2.18) ñëåäóåò ñóùåñòâîâàíèå a ∈ G òàêîãî, ÷òî
(2.19) v = f(a)u
Åñëè w ∈ O(v, g ∈ G, f(g)v), òî ñóùåñòâóåò b ∈ G òàêîé, ÷òî
(2.20) w = f(b)v
Ïîäñòàâèâ (2.19) â (2.20), ìû ïîëó÷èì
(2.21) w = f(b)(f(a)u)
Íà îñíîâàíèè (2.2) èç (2.21) ñëåäóåò, ÷òî w ∈ O(u, g ∈ G, f(g)u). Òàêèì îáðàçîì,
O(v, g ∈ G, f(g)v) ⊆ O(u, g ∈ G, f(g)u)
Íà îñíîâàíèè (2.7) èç (2.19) ñëåäóåò, ÷òî
(2.22) u = f(a)−1v = f(a−1)v
àâåíñòâî (2.22) îçíà÷àåò, ÷òî u ∈ O(v, g ∈ G, f(g)v) è, ñëåäîâàòåëüíî,
O(u, g ∈ G, f(g)u) ⊆ O(v, g ∈ G, f(g)v)
Ýòî çàâåðøàåò äîêàçàòåëüñòâî. 
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Òåîðåìà 2.15. Åñëè îïðåäåëåíû ïðåäñòàâëåíèå f1 ãðóïïû G â ìíîæåñòâåM1
è ïðåäñòàâëåíèå f2 ãðóïïû G â ìíîæåñòâå M2, òî ìû ìîæåì îïðåäåëèòü
ïðÿìîå ïðîèçâåäåíèå ïðåäñòàâëåíèé f1 è f2 ãðóïïû
f = f1 ⊗ f2 : G→M1 ⊗M2
f(g) = (f1(g), f2(g))
Äîêàçàòåëüñòâî. ×òîáû ïîêàçàòü, ÷òî f ÿâëÿåòñÿ ïðåäñòàâëåíèåì, äîñòàòî÷íî
ïîêàçàòü, ÷òî f óäîâëåòâîðÿåò îïðåäåëåíèþ 2.4.
f(e) = (f1(e), f2(e)) = (δ1, δ2) = δ
f(ab)u = (f1(ab)u1, f2(ab)u2)
= (f1(a)(f1(b)u1), f2(a)(f2(b)u2))
= f(a)(f1(b)u1, f2(b)u2)
= f(a)(f(b)u)

3. Îäíîòðàíçèòèâíîå ïðåäñòàâëåíèå
Îïðåäåëåíèå 3.1. Ìû áóäåì íàçûâàòü ÿäðîì íåýåêòèâíîñòè ïðåä-
ñòàâëåíèÿ ãðóïïû G ìíîæåñòâî
Kf = {g ∈ G : f(g) = δ}
Åñëè Kf = {e}, ìû áóäåì íàçûâàòü ïðåäñòàâëåíèå ãðóïïû G ýåêòèâíûì.

Òåîðåìà 3.2. ßäðî íåýåêòèâíîñòè - ýòî ïîäãðóïïà ãðóïïû G.
Äîêàçàòåëüñòâî. Äîïóñòèì f(a1) = δ è f(a2) = δ. Òîãäà
f(a1a2)u = f(a1)(f(a2)u) = u
f(a−1) = f−1(a) = δ

Åñëè äåéñòâèå íå ýåêòèâíî, ìû ìîæåì ïåðåéòè ê ýåêòèâíîìó, çàìåíèâ
ãðóïïîé G1 = G|Kf , ïîëüçóÿñü àêòîðèçàöèåé ïî ÿäðó íåýåêòèâíîñòè. Ýòî
îçíà÷àåò, ÷òî ìû ìîæåì èçó÷àòü òîëüêî ýåêòèâíîå äåéñòâèå.
Îïðåäåëåíèå 3.3. Ìû áóäåì íàçûâàòü ïðåäñòàâëåíèå ãðóïïû òðàíçèòèâ-
íûì, åñëè äëÿ ëþáûõ a, b ∈ V ñóùåñòâóåò òàêîå g, ÷òî
a = f(g)b
Ìû áóäåì íàçûâàòü ïðåäñòàâëåíèå ãðóïïû îäíîòðàíçèòèâíûì, åñëè îíî òðàí-
çèòèâíî è ýåêòèâíî. 
Òåîðåìà 3.4. Ïðåäñòàâëåíèå îäíîòðàíçèòèâíî òîãäà è òîëüêî òîãäà, êîãäà
äëÿ ëþáûõ a, b ∈ V ñóùåñòâóåò îäíî è òîëüêî îäíî g ∈ G òàêîå, ÷òî a = f(g)b
Îïðåäåëåíèå 3.5. Ìû áóäåì íàçûâàòü ïðîñòðàíñòâî V îäíîðîäíûì ïðî-
ñòðàíñòâîì ãðóïïûG, åñëè ìû èìååì îäíîòðàíçèòèâíîå ïðåäñòàâëåíèå ãðóï-
ïû G íà V . 
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Òåîðåìà 3.6. Åñëè ìû îïðåäåëèì îäíîòðàíçèòèâíîå ïðåäñòàâëåíèå f ãðóïïû
G íà ìíîãîîáðàçèè A, òî ìû ìîæåì îäíîçíà÷íî îïðåäåëèòü êîîðäèíàòû íà
A, ïîëüçóÿñü êîîðäèíàòàìè íà ãðóïïå G.
Åñëè f - êîâàðèàíòíîå ïðåäñòàâëåíèå, òî f(a) ýêâèâàëåíòíî ëåâîìó ñäâè-
ãó L(a) íà ãðóïïå G. Åñëè f = êîíòðàâàðèàíòíîå ïðåäñòàâëåíèå, òî f(a)
ýêâèâàëåíòíî ïðàâîìó ñäâèãó R(a) íà ãðóïïå G.
Äîêàçàòåëüñòâî. Ìû âûáåðåì òî÷êó v ∈ A è îïðåäåëèì êîîðäèíàòû òî÷êè
w ∈ A êàê êîîðäèíàòû ïðåîáðàçîâàíèÿ a òàêîãî, ÷òî w = f(a)v. Êîîðäèíàòû,
îïðåäåë¼ííûå òàêèì îáðàçîì, îäíîçíà÷íû ñ òî÷íîñòüþ äî âûáîðà íà÷àëüíîé
òî÷êè v ∈ A, òàê êàê äåéñòâèå ýåêòèâíî.
Åñëè f - êîâàðèàíòíîå ïðåäñòàâëåíèå, ìû áóäåì ïîëüçîâàòüñÿ çàïèñüþ
f(a)v = av
Òàê êàê çàïèñü
f(a)(f(b)v) = a(bv) = (ab)v = f(ab)v
ñîâìåñòèìà ñ ãðóïïîâîé ñòðóêòóðîé, ìû âèäèì, ÷òî êîâàðèàíòíîå ïðåäñòàâëå-
íèå f ýêâèâàëåíòíî ëåâîìó ñäâèãó.
Åñëè f - êîíòðàâàðèàíòíîå ïðåäñòàâëåíèå, ìû áóäåì ïîëüçîâàòüñÿ çàïèñüþ
f(a)v = va
Òàê êàê çàïèñü
f(a)(f(b)v) = (vb)a = v(ba) = f(ba)v
ñîâìåñòèìà ñ ãðóïïîâîé ñòðóêòóðîé, ìû âèäèì, ÷òî êîíòðàâàðèàíòíîå ïðåä-
ñòàâëåíèå f ýêâèâàëåíòíî ïðàâîìó ñäâèãó. 
Òåîðåìà 3.7. Ëåâûé è ïðàâûé ñäâèãè íà ãðóïïå G ïåðåñòàíîâî÷íû.
Äîêàçàòåëüñòâî. Ýòî ñëåäñòâèå àññîöèàòèâíîñòè ãðóïïû G
(L(a)R(b))c = a(cb) = (ac)b = (R(b)L(a))c

Òåîðåìà 3.8. Åñëè ìû îïðåäåëèëè îäíîòðàíçèòèâíîå ïðåäñòàâëåíèå f íà
ìíîãîîáðàçèè A, òî ìû ìîæåì îäíîçíà÷íî îïðåäåëèòü îäíîòðàíçèòèâíîå
ïðåäñòàâëåíèå h òàêîå, ÷òî äèàãðàììà
M
h(a) //
f(b)

M
f(b)

M
h(a)
// M
êîììóòàòèâíà äëÿ ëþáûõ a, b ∈ G.1
Äîêàçàòåëüñòâî. Ìû áóäåì ïîëüçîâàòüñÿ ãðóïïîâûìè êîîðäèíàòàìè äëÿ òî-
÷åê v ∈ A. Äëÿ ïðîñòîòû ìû ïðåäïîëîæèì, ÷òî f - êîâàðèàíòíîå ïðåäñòàâëå-
íèå. Òîãäà ñîãëàñíî òåîðåìå 3.6 ìû ìîæåì çàïèñàòü ëåâûé ñäâèã L(a) âìåñòî
ïðåîáðàçîâàíèÿ f(a).
1
Òåîðåìà 3.8 íà ñàìîì äåëå î÷åíü èíòåðåñíà. Òåì íå ìåíåå å¼ ñìûñë ñòàíîâèòñÿ áîëåå
ÿñíûì, êîãäà ìû ïðèëîæèì ýòó òåîðåìó ê ìíîãîîáðàçèþ áàçèñîâ, ñìîòðè ñåêöèþ 5.
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Ïóñòü òî÷êè v0, v ∈ A. Òîãäà ìû ìîæåì íàéòè îäíî è òîëüêî îäíî a ∈ G
òàêîå, ÷òî
v = v0a = R(a)v0
Ìû ïðåäïîëîæèì
h(a) = R(a)
Ñóùåñòâóåò b ∈ G òàêîå, ÷òî
w0 = f(b)v0 = L(b)v0 w = f(b)v = L(b)v
Ñîãëàñíî òåîðåìå 3.7 äèàãðàììà
(3.1)
v0
h(a)=R(a) //
f(b)=L(b)

v
f(b)=L(b)

w0
h(a)=R(a)
// w
êîììóòàòèâíà.
Èçìåíÿÿ b ìû ïîëó÷èì, ÷òî w0 - ýòî ïðîèçâîëüíàÿ òî÷êà, ïðèíàäëåæàùàÿ
A.
Ìû âèäèì èç äèàãðàììû, ÷òî, åñëè v0 = v than w0 = w è ñëåäîâàòåëüíî
h(e) = δ. Ñ äðóãîé ñòîðîíû, åñëè v0 6= v, òî w0 6= w ïîòîìó, ÷òî ïðåäñòàâëåíèå
f îäíîòðàíçèòèâíî. Ñëåäîâàòåëüíî ïðåäñòàâëåíèå h ýåêòèâíî.
Òàêèì æå îáðàçàì ìû ìîæåì ïîêàçàòü, ÷òî äëÿ äàííîãî w0 ìû ìîæåì íàéòè
a òàêîå, ÷òî w = h(a)w0. Ñëåäîâàòåëüíî ïðåäñòàâëåíèå îäíîòðàíçèòèâíî.
Â îáùåì ñëó÷àå, ïðåäñòàâëåíèå f íå êîììóòàòèâíî è ñëåäîâàòåëüíî ïðåä-
ñòàâëåíèå h îòëè÷íî îò ïðåäñòàâëåíèÿ f . Òàêèì æå îáðàçîì ìû ìîæåì ñîçäàòü
ïðåäñòàâëåíèå f , ïîëüçóÿñü ïðåäñòàâëåíèåì h. 
Çàìå÷àíèå 3.9. Î÷åâèäíî, ÷òî ïðåîáðàçîâàíèÿ L(a) è R(a) îòëè÷àþòñÿ, åñëè
ãðóïïà G íåàáåëåâà. Òåì íå ìåíåå, îíè ÿâëÿþòñÿ îòîáðàæåíèÿìè íà. Òåîðåìà
3.8 óòâåðæäàåò, ÷òî, åñëè îáà ïðåäñòàâëåíèÿ ïðàâîãî è ëåâîãî ñäâèãà ñóùå-
ñòâóþò íà ìíîãîîáðàçèè A, òî ìû ìîæåì îïðåäåëèòü äâà ïåðåñòàíîâî÷íûõ
ïðåäñòàâëåíèÿ íà ìíîãîîáðàçèè A. Òîëüêî ëåâûé èëè ïðàâûé ñäâèã íå ìîæåò
ïðåäñòàâëÿòü îáà òèïà ïðåäñòàâëåíèÿ. ×òîáû ïîíÿòü ïî÷åìó ýòî òàê, ìû ìî-
æåì èçìåíèòü äèàãðàììó (3.1) è ïðåäïîëîæèòü h(a)v0 = L(a)v0 = v âìåñòî
h(a)v0 = R(a)v0 = v è ïðîàíàëèçèðîâàòü, êàêîå âûðàæåíèå h(a) èìååò â òî÷êå
w0. Äèàãðàììà
v0
h(a)=L(a) //
f(b)=L(b)

v
f(b)=L(b)

w0
h(a)
// w
ýêâèâàëåíòíà äèàãðàììå
v0
h(a)=L(a) // v
f(b)=L(b)

w0
h(a)
//
f−1(b)=L(b−1)
OO
w
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è ìû èìååì w = bv = bav0 = bab
−1w0. Ñëåäîâàòåëüíî
h(a)w0 = (bab
−1)w0
Ìû âèäèì, ÷òî ïðåäñòàâëåíèå h çàâèñèò îò åãî àðãóìåíòà. 
4. Ëèíåéíîå ïðåäñòàâëåíèå
Åñëè íà ìíîæåñòâå M îïðåäåëåíà äîïîëíèòåëüíàÿ ñòðóêòóðà, ìû ïðåäúÿâ-
ëÿåì ê ïðåäñòàâëåíèþ ãðóïïû äîïîëíèòåëüíûå òðåáîâàíèÿ.
Åñëè íà ìíîæåñòâå M îïðåäåëåíî ïîíÿòèå íåïðåðûâíîñòè, òî ìû ïîëàãàåì,
÷òî ïðåîáðàçîâàíèå
u′ = f(a)u
íåïðåðûâíî ïî u è, ñëåäîâàòåëüíî,
∣
∣
∣
∣
∂u′
∂u
∣
∣
∣
∣
6= 0
ÅñëèM - ãðóïïà, òî áîëüøîå çíà÷åíèå èìåþò ïðåäñòàâëåíèÿ ëåâûõ è ïðàâûõ
ñäâèãîâ.
Îïðåäåëåíèå 4.1. Ïóñòü M - âåêòîðíîå ïðîñòðàíñòâî V íàä ïîëåì F . Ìû
áóäåì íàçûâàòü ïðåäñòàâëåíèå ãðóïïû G â âåêòîðíîì ïðîñòðàíñòâå V ëèíåé-
íûì ïðåäñòàâëåíèåì, åñëè f(a) - ãîìîìîðèçì ïðîñòðàíñòâà V äëÿ ëþáîãî
a ∈ G. 
Çàìå÷àíèå 4.2. Äîïóñòèì, ïðåîáðàçîâàíèå f(a) ÿâëÿåòñÿ ëèíåéíûì îäíîðîä-
íûì ïðåîáðàçîâàíèåì. fβγ (a) ÿâëÿþòñÿ ýëåìåíòàìè ìàòðèöû ïðåîáðàçîâàíèÿ.
Ìû îáû÷íî ïîëàãàåì, ÷òî íèæíèé èíäåêñ ïåðå÷èñëÿåò ñòðîêè â ìàòðèöå è
âåðõíèé èíäåêñ ïåðå÷èñëÿåò ñòîëáöû.
Ñîãëàñíî çàêîíó óìíîæåíèÿ ìàòðèö ìû ìîæåì ïðåäñòàâèòü êîîðäèíàòû âåê-
òîðà êàê ñòðîêó ìàòðèöû. Ìû áóäåì íàçûâàòü òàêîé âåêòîð âåêòîð-ñòðîêîé.
Ìû ìîæåì òàê æå ðàññìàòðèâàòü âåêòîð, êîîðäèíàòû êîòîðîãî îðìèðóþò
ñòîëáåö ìàòðèöû è áóäåì íàçûâàòü òàêîé âåêòîð âåêòîð-ñòîëáöîì.
Ëåâîñòîðîííåå ëèíåéíîå ïðåäñòàâëåíèå â ïðîñòðàíñòâå âåêòîð-ñòîëáöîâ
u′ = f(a)u u′α = f
β
α (a)uβ a ∈ G
ÿâëÿåòñÿ êîâàðèàíòíûì ïðåäñòàâëåíèåì
u′′γ = f
β
γ (ba)uβ = f
α
γ (b)(f
β
α (a)uβ) = (f
α
γ (b)f
β
α (a))uβ
Ëåâîñòîðîííåå ëèíåéíîå ïðåäñòàâëåíèå â ïðîñòðàíñòâå âåêòîð-ñòðîê
u′ = f(a)u u′α = fαβ (a)u
β a ∈ G
ÿâëÿåòñÿ êîíòðàâàðèàíòíûì ïðåäñòàâëåíèåì
u′′γ = fγβ (ba)u
β = fγα(b)(f
α
β (a)u
β) = (fαβ (a)f
γ
α(b))u
β
Ïðàâîñòîðîííåå ëèíåéíîå ïðåäñòàâëåíèå â ïðîñòðàíñòâå âåêòîð-ñòîëáöîâ
u′ = uf(a) u′α = uβf
β
α (a) a ∈ G
ÿâëÿåòñÿ êîíòðàâàðèàíòíûì ïðåäñòàâëåíèåì
u′′γ = uβf
β
γ (ab) = (uβf
β
α (a))f
α
γ (b) = uβ(f
α
γ (b)f
β
α (a))
Ïðàâîñòîðîííåå ëèíåéíîå ïðåäñòàâëåíèå â ïðîñòðàíñòâå âåêòîð-ñòðîê
u′ = uf(a) u′α = uβfαβ (a) a ∈ G
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ÿâëÿåòñÿ êîâàðèàíòíûì ïðåäñòàâëåíèåì
u′′γ = uβfγβ (ab) = (u
βfαβ (a))f
γ
α(b) = u
β(fαβ (a)f
γ
α(b))

Çàìå÷àíèå 4.3. Ïðè èçó÷åíèè ëèíåéíîãî ïðåäñòàâëåíèÿ ìû ÿâíî áóäåì ïîëüçî-
âàòüñÿ òåíçîðíîé çàïèñüþ. Ìû ìîæåì ïîëüçîâàòüñÿ òîëüêî âåðõíèì èíäåêñîì
è çàïèñüþ u•.α âìåñòî uα. Òîãäà ìû ìîæåì çàïèñàòü ïðåîáðàçîâàíèå ýòîãî îáú-
åêòà â âèäå
u′•.α = f
•.
α•
β
. u
•.
β
Òàêèì îáðàçîì ìû ìîæåì ñïðÿòàòü ðàçëè÷èå ìåæäó êîâàðèàíòíûì è êîíòðà-
âàðèàíòíûì ïðåäñòàâëåíèÿìè. Ýòà ñõîäñòâî èä¼ò ñêîëü óãîäíî äàëåêî. 
5. Áàçèñ â âåêòîðíîì ïðîñòðàíñòâå
Ïóñòü ìû èìååì âåêòîðíîå ïðîñòðàíñòâî V è êîíòðàâàðèàíòíîå ïðàâîñòî-
ðîííåå ýåêòèâíîå ëèíåéíîå ïðåäñòàâëåíèå ãðóïïû G = G(V). Ìû îáû÷íî
áóäåì íàçûâàòü ãðóïïó G(V) ãðóïïîé ñèììåòðèè. Íå íàðóøàÿ îáùíîñòè, ìû
áóäåì îòîæäåñòâëÿòü ýëåìåíò g ãðóïïûG ñ ñîîòâåòñòâóþùèì ïðåîáðàçîâàíèåì
ïðåäñòàâëåíèÿ è çàïèñûâàòü åãî äåéñòâèå íà âåêòîð v ∈ V â âèäå vg.
Ýòà òî÷êà çðåíèÿ ïîçâîëÿåò îïðåäåëèòü äâà òèïà êîîðäèíàò äëÿ ýëåìåí-
òà g ãðóïïû G. Ìû ìîæåì ëèáî ïîëüçîâàòüñÿ êîîðäèíàòàìè, îïðåäåë¼ííûìè
íà ãðóïïå, ëèáî îïðåäåëèòü êîîðäèíàòû êàê ýëåìåíòû ìàòðèöû ñîîòâåòñòâóþ-
ùåãî ïðåîáðàçîâàíèÿ. Ïåðâàÿ îðìà êîîðäèíàò áîëåå ýåêòèâíà, êîãäà ìû
èçó÷àåì ñâîéñòâà ãðóïïû G. Âòîðàÿ îðìà êîîðäèíàò ñîäåðæèò èçáûòî÷íóþ
èíîðìàöèþ, íî áûâàåò áîëåå óäîáíà, êîãäà ìû èçó÷àåì ïðåäñòàâëåíèå ãðóïïû
G. Ìû áóäåì íàçûâàòü âòîðóþ îðìó êîîðäèíàò êîîðäèíàòàìè ïðåäñòàâ-
ëåíèÿ.
Ìû áóäåì íàçûâàòü ìàêñèìàëüíîå ìíîæåñòâî ëèíåéíî íåçàâèñèìûõ âåêòî-
ðîâ e =< e(i) > áàçèñîì. Â òîì ñëó÷àå, êîãäà ìû õîòèì ÿâíî óêàçàòü, ÷òî ýòî
áàçèñ ïðîñòðàíñòâà V , ìû áóäåì ïîëüçîâàòüñÿ îáîçíà÷åíèåì eV .
Ëþáîé ãîìîìîðèçì âåêòîðíîãî ïðîñòðàíñòâà îòîáðàæàåò îäèí áàçèñ â äðó-
ãîé. Òàêèì îáðàçîì, ìû ìîæåì ðàñïðîñòðàíèòü êîâàðèàíòíîå ïðåäñòàâëåíèå
ãðóïïû ñèììåòðèè íà ìíîæåñòâî áàçèñîâ. Ìû áóäåì çàïèñûâàòü äåéñòâèå ýëå-
ìåíòà g ãðóïïû G íà áàçèñ e â âèäå R(g)e. Òåì íå ìåíåå, íå âñÿêèå äâà áàçèñà
ìîãóò áûòü ñâÿçàíû ïðåîáðàçîâàíèåì ãðóïïû ñèììåòðèè ïîòîìó, ÷òî íå âñÿêîå
íåâûðîæäåííîå ëèíåéíîå ïðåîáðàçîâàíèå ïðèíàäëåæèò ïðåäñòàâëåíèþ ãðóï-
ïû G. Òàêèì îáðàçîì, ìíîæåñòâî áàçèñîâ ìîæíî ïðåäñòàâèòü êàê îáúåäèíåíèå
îðáèò ãðóïïû G.
Ñâîéñòâà áàçèñà çàâèñÿò îò ãðóïïû ñèììåòðèè. Ìû ìîæåì âûáðàòü áàçèñû
e, âåêòîðû êîòîðûõ íàõîäÿòñÿ â îòíîøåíèè, êîòîðîå èíâàðèàíòíî îòíîñèòåëü-
íî ãðóïïû ñèììåòðèè. Â ýòîì ñëó÷àå âñå áàçèñû èç îðáèòû O(e, g ∈ G,R(g)e)
èìåþò âåêòîðû, êîòîðûå óäîâëåòâîðÿþò îäíîìó è òîìó æå îòíîøåíèþ. Òàêîé
áàçèñ ìû áóäåì íàçûâàòü G-áàçèñîì. Â êàæäîì êîíêðåòíîì ñëó÷àå ìû äîëæ-
íû äîêàçàòü ñóùåñòâîâàíèå áàçèñà ñ èñêîìûìè ñâîéñòâàìè. Åñëè ïîäîáíîãî
òèïà áàçèñà íå ñóùåñòâóåò, ìû ìîæåì âûáðàòü ïðîèçâîëüíûé áàçèñ.
Îïðåäåëåíèå 5.1. Ìû áóäåì íàçûâàòü îðáèòó O(e, g ∈ G,R(g)e) âûáðàííîãî
áàçèñà e ìíîãîîáðàçèåì áàçèñîâ B(V) âåêòîðíîãî ïðîñòðàíñòâà V . 
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Òåîðåìà 5.2. Ïðåäñòàâëåíèå ãðóïïû G íà ìíîãîîáðàçèè áàçèñîâ îäíîòðàíçè-
òèâíî.
Äîêàçàòåëüñòâî. Ñîãëàñíî îïðåäåëåíèþ 5.1 ëþáûå äâà áàçèñà ñâÿçàíû ïî êðàé-
íåé ìåðå îäíèì ïðåîáðàçîâàíèåì ïðåäñòàâëåíèÿ. Äëÿ äîêàçàòåëüñòâà òåîðåìû
äîñòàòî÷íî ïîêàçàòü, ÷òî ýòî ïðåîáðàçîâàíèå îïðåäåëåíî îäíîçíà÷íî.
Äîïóñòèì ýëåìåíòû g1, g2 ãðóïïû G è áàçèñ e òàêîâû, ÷òî
(5.1) Rg1e = Rg2e
Èç (5.1) ñëåäóåò
(5.2) Rg−1
2
Rg1e = Rg1g−12
e = e
Òàê êàê ëþáîé âåêòîð èìååò åäèíñòâåííîå ðàçëîæåíèå îòíîñèòåëüíî áàçèñà
e, òî èç (5.2) ñëåäóåò, ÷òî Rg1g−12
òîæäåñòâåííîå ïðåîáðàçîâàíèå âåêòîðíîãî
ïðîñòðàíñòâà V . Òàê êàê ïðåäñòàâëåíèå ãðóïïû G ýåêòèâíî íà âåêòîðíîì
ïðîñòðàíñòâå V , òî g1 = g2. Îòñþäà ñëåäóåò óòâåðæäåíèå òåîðåìû. 
Èç òåîðåìû 5.2 ñëåäóåò, ÷òî ìíîãîîáðàçèå áàçèñîâ B(V) ÿâëÿåòñÿ îäíîðîä-
íûì ïðîñòðàíñòâîì ãðóïïû G. Ìû ïîñòðîèëè êîíòðàâàðèàíòíîå ïðàâîñòîðîí-
íåå îäíîòðàíçèòèâíîå ëèíåéíîå ïðåäñòàâëåíèå ãðóïïû G íà ìíîãîîáðàçèè áà-
çèñîâ. Ìû áóäåì íàçûâàòü ýòî ïðåäñòàâëåíèå àêòèâíûì ïðåäñòàâëåíèåì, à
ñîîòâåòñòâóþùåå ïðåîáðàçîâàíèå íà ìíîãîîáðàçèå áàçèñîâ àêòèâíûì ïðåîá-
ðàçîâàíèåì ([2℄) ïîòîìó, ÷òî ãîìîìîðèçì âåêòîðíîãî ïðîñòðàíñòâà ïîðîäèë
ýòî ïðåîáðàçîâàíèå.
Ñîãëàñíî òåîðåìå 3.6, òàê êàê ìíîãîîáðàçèå áàçèñîâ B(V) - îäíîðîäíîå ïðî-
ñòðàíñòâî ãðóïïû G, ìû ìîæåì îïðåäåëèòü íà B(V) äâå îðìû êîîðäèíàò,
îïðåäåë¼ííûå íà ãðóïïå G. Â îáîèõ ñëó÷àÿõ êîîðäèíàòû áàçèñà e - ýòî êîîðäè-
íàòû ãîìîìîðèçìà, îòîáðàæàþùåãî çàäàííûé áàçèñ e0 â áàçèñ e. Êîîðäèíàòû
ïðåäñòàâëåíèÿ íàçûâàþòñÿ ñòàíäàðòíûìè êîîðäèíàòàìè áàçèñà. Íåòðóä-
íî ïîêàçàòü, ÷òî ñòàíäàðòíûå êîîðäèíàòû eik áàçèñà e ïðè çàäàííîì çíà÷åíèè
k ÿâëÿþòñÿ êîîðäèíàòàìè âåêòîðà ek ∈ e îòíîñèòåëüíî çàäàííîãî áàçèñà e0.
Áàçèñ e ïîðîæäàåò êîîðäèíàòû íà V . Â ðàçëè÷íûõ òèïàõ ïðîñòðàíñòâà ýòî
ìîæåò áûòü ñäåëàíî ðàçëè÷íûì îáðàçîì. Â àèííîì ïðîñòðàíñòâå, åñëè âåð-
øèíà áàçèñà ÿâëÿåòñÿ òî÷êîé A, òî òî÷êà B èìååò òå æå êîîðäèíàòû, ÷òî è
âåêòîð
−→
AB îòíîñèòåëüíî áàçèñà e. Â îáùåì ñëó÷àå ìû ââîäèì êîîðäèíàòû âåê-
òîðà êàê êîîðäèíàòû îòíîñèòåëüíî âûáðàííîãî áàçèñà. Èñïîëüçîâàíèå òîëüêî
G-ïðîñòðàíñòâà îçíà÷àåò èñïîëüçîâàíèå ñïåöèàëüíûõ êîîðäèíàòû íà An. Äëÿ
òîãî, ÷òîáû îòëè÷àòü èõ, ìû áóäåì íàçûâàòü èõ G-êîîðäèíàòàìè. Ìû òàêæå
áóäåì íàçûâàòü ïðîñòðàíñòâî V ñ òàêèìè êîîðäèíàòàìè G-ïðîñòðàíñòâîì.
Ñîãëàñíî òåîðåìå 3.8, íà ìíîãîîáðàçèè áàçèñîâ ñóùåñòâóåò äðóãîå ïðåäñòàâ-
ëåíèå, ïåðåñòàíîâî÷íîå ñ ïàññèâíûì. Êàê ìû âèäèì èç çàìå÷àíèÿ 3.9 ïðå-
îáðàçîâàíèå ýòîãî ïðåäñòàâëåíèÿ îòëè÷àåòñÿ îò ïàññèâíîãî ïðåîáðàçîâàíèÿ è
íå ìîæåò áûòü ñâåäåíî ê ïðåîáðàçîâàíèþ ïðîñòðàíñòâà V . ×òîáû ïîä÷åðêíóòü
ðàçëè÷èå, ýòî ïðåîáðàçîâàíèå íàçûâàåòñÿ ïàññèâíûì ïðåîáðàçîâàíèåì âåê-
òîðíîãî ïðîñòðàíñòâà V , à ïðåäñòàâëåíèå íàçûâàåòñÿ ïàññèâíûì ïðåäñòàâ-
ëåíèåì. Ìû áóäåì çàïèñûâàòü ïàññèâíîå ïðåîáðàçîâàíèå áàçèñà e, ïîðîæä¼í-
íîå ýëåìåíòîì g ∈ G, â âèäå L(g)e.
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5.1. Áàçèñ â àèííîì ïðîñòðàíñòâå. Ìû îòîæäåñòâëÿåì âåêòîðû à-
èííîãî ïðîñòðàíñòâà An ñ ïàðîé òî÷åê
−→
AB. Âñå âåêòîðû, êîòîðûå èìåþò îá-
ùåå íà÷àëî A ïîðîæäàþò âåêòîðíîå ïðîñòðàíñòâî, êîòîðîå ìû áóäåì íàçûâàòü
êàñàòåëüíûì âåêòîðíûì ïðîñòðàíñòâîì TAAn.
Òîïîëîãèÿ, êîòîðóþ An íàñëåäóåò èç îòîáðàæåíèÿ An → R
n
, ïîçâîëÿåò íàì
èçó÷àòü íåïðåðûâíûå ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà An è èõ ïðîèçâîäíûå. Áî-
ëåå òî÷íî, ïðîèçâîäíàÿ ïðåîáðàçîâàíèÿ f îòîáðàæàåò âåêòîðíîå ïðîñòðàíñòâî
TAAn â Tf(A)An. Åñëè f ëèíåéíî, òî åãî ïðîèçâîäíàÿ îäíà è òà æå â êàæ-
äîé òî÷êå. Ââîäÿ êîîðäèíàòû A1, ..., An òî÷êè A ∈ An, ìû ìîæåì çàïèñàòü
ëèíåéíîå ïðåîáðàçîâàíèå êàê
A′i = P ijA
j +Ri detP 6= 0(5.3)
Ïðîèçâîäíàÿ ýòîãî ïðåîáðàçîâàíèÿ îïðåäåëåíà ìàòðèöåé ‖P ij‖ è íå çàâèñèò
îò òî÷êè A. Âåêòîð (R1, ..., Rn) âûðàæàåò ñìåùåíèå â àèííîì ïðîñòðàí-
ñòâå. Ìíîæåñòâî ïðåîáðàçîâàíèé (5.3) - ýòî ãðóïïà Ëè, êîòîðóþ ìû îáîçíà÷èì
GL(An) è áóäåì íàçûâàòü ãðóïïîé àèííûõ ïðåîáðàçîâàíèé.
Îïðåäåëåíèå 5.3. Àèííûé áàçèñ e =< O, ei > - ýòî ìíîæåñòâî ëèíåéíî
íåçàâèñèìûõ âåêòîðîâ ei =
−→
OAi = (e
1
i , ..., e
n
i ) ñ îáùåé íà÷àëüíîé òî÷êîé O =
(O1, ..., On). 
Îïðåäåëåíèå 5.4. Ìíîãîîáðàçèå áàçèñîâ B(An) àèííîãî ïðîñòðàí-
ñòâà - ýòî ìíîæåñòâî áàçèñîâ ýòîãî ïðîñòðàíñòâà. 
Ìû áóäåì íàçûâàòü àêòèâíîå ïðåîáðàçîâàíèå àèííûì ïðåîáðàçîâà-
íèåì. Ìû áóäåì íàçûâàòü ïàññèâíîå ïðåîáðàçîâàíèå êâàçèàèííûì ïðå-
îáðàçîâàíèåì.
Åñëè ìû íå çàáîòèìñÿ î íà÷àëüíîé òî÷êå âåêòîðà, ìû ïîëó÷èì íåñêîëüêî
îòëè÷íûé òèï ïðîñòðàíñòâà, êîòîðîå ìû áóäåì íàçûâàòü öåíòðî-àèííûì
ïðîñòðàíñòâîì CAn. Â öåíòðî-àèííîì ïðîñòðàíñòâå ìû ìîæåì èäåíòèè-
öèðîâàòü âñå êàñàòåëüíûå ïðîñòðàíñòâà è îáîçíà÷èòü èõ TCAn. Åñëè ìû ïðåä-
ïîëîæèì, ÷òî íà÷àëüíàÿ òî÷êà âåêòîðà - ýòî íà÷àëî O êîîðäèíàòíîé ñèñòåìû
â ïðîñòðàíñòâå, òî ìû ìîæåì îòîæäåñòâèòü ëþáóþ òî÷êó A ∈ CAn ñ âåêòîðîì
a =
−→
OA. Ýòî âåä¼ò ê èäåíòèèêàöèè CAn è TCAn. Òåïåðü ïðåîáðàçîâàíèå -
ýòî ïðîñòî îòîáðàæåíèå
a′i = P ija
j detP 6= 0
è òàêèå ïðåîáðàçîâàíèÿ ïîðîæäàþò ãðóïïó Ëè GLn.
Îïðåäåëåíèå 5.5. Öåíòðî-àèííûé áàçèñ e =< ei > - ýòî ìíîæåñòâî
ëèíåéíî íåçàâèñèìûõ âåêòîðîâ ei = (e
1
i , ..., e
n
i ). 
Îïðåäåëåíèå 5.6. Ìíîãîîáðàçèå áàçèñîâ B(CAn) öåíòðî-àèííîãî
ïðîñòðàíñòâà - ýòî ìíîæåñòâî áàçèñîâ ýòîãî ïðîñòðàíñòâà. 
5.2. Áàçèñ â åâêëèäîâîì ïðîñòðàíñòâå. Êîãäà ìû îïðåäåëÿåì ìåòðèêó â
öåíòðî-àèííîì ïðîñòðàíñòâå, ìû ïîëó÷àåì íîâóþ ãåîìåòðèþ ïîòîìó, ÷òî
ìû ìîæåì èçìåðÿòü ðàññòîÿíèå è äëèíó âåêòîðà. Åñëè ìåòðèêà ïîëîæèòåëüíî
îïðåäåëåíà, ìû áóäåì íàçûâàòü ïðîñòðàíñòâî åâêëèäîâûì En, â ïðîòèâíîì
ñëó÷àå ìû áóäåì íàçûâàòü ïðîñòðàíñòâî ïñåâäîåâêëèäîâûì Enm.
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Ïðåîáðàçîâàíèÿ, êîòîðûå ñîõðàíÿþò äëèíó, îáðàçóþò ãðóïïó Ëè SO(n) äëÿ
åâêëèäîâà ïðîñòðàíñòâà è ãðóïïó Ëè SO(n,m) äëÿ ïñåâäîýâêëèäîâà ïðîñòðàí-
ñòâà, ãäå n è m ÷èñëà ïîëîæèòåëüíûõ è îòðèöàòåëüíûõ ñëàãàåìûõ â ìåòðèêå.
Îïðåäåëåíèå 5.7. Îðòîíîðìàëüíûé áàçèñ e =< ei > - ýòî ìíîæåñòâî ëè-
íåéíî íåçàâèñèìûõ âåêòîðîâ ei = (e
1
i , ..., e
n
i ) òàêèõ, ÷òî äëèíà êàæäîãî âåêòîðà
ðàâíà 1 è ðàçëè÷íûå âåêòîðû îðòîãîíàëüíû. 
Ñóùåñòâîâàíèå îðòîãîíàëüíîãî áàçèñà äîêàçûâàåòñÿ ñ ïîìîùüþ ïðîöåññà
îðòîãîíàëèçàöèè ðàìàØìèäòà.
Îïðåäåëåíèå 5.8. Ìíîãîîáðàçèå áàçèñîâ B(En) åâêëèäîâà ïðîñòðàí-
ñòâà - ýòî ìíîæåñòâî îðòîíîðìàëüíûõ áàçèñîâ ýòîãî ïðîñòðàíñòâà. 
Ìû áóäåì íàçûâàòü àêòèâíîå ïðåîáðàçîâàíèå äâèæåíèåì. Ìû áóäåì íà-
çûâàòü ïàññèâíîå ïðåîáðàçîâàíèå êâàçèäâèæåíèåì.
6. åîìåòðè÷åñêèé îáúåêò
Àêòèâíîå ïðåîáðàçîâàíèå èçìåíÿåò áàçèñû è âåêòîðû ñîãëàñîâàíî è êîîð-
äèíàòû âåêòîðà îòíîñèòåëüíî áàçèñà íå ìåíÿþòñÿ. Ïàññèâíîå ïðåîáðàçîâàíèå
ìåíÿåò òîëüêî áàçèñ, è ýòî âåä¼ò ê èçìåíåíèþ êîîðäèíàò âåêòîðà îòíîñèòåëüíî
áàçèñà.
Äîïóñòèì ïàññèâíîå ïðåîáðàçîâàíèå L(a) ∈ G, çàäàííîå ìàòðèöåé (aij), îòîá-
ðàæàåò áàçèñ e =< ei >∈ B(V) â áàçèñ e
′ =< e′i >∈ B(V)
(6.1) e′j = a
i
jei
Äîïóñòèì âåêòîð v ∈ V èìååò ðàçëîæåíèå
(6.2) v = viei
îòíîñèòåëüíî áàçèñà e è èìååò ðàçëîæåíèå
(6.3) v = v′ie′i
îòíîñèòåëüíî áàçèñà e′. Èç (6.1) è (6.3) ñëåäóåò, ÷òî
(6.4) v = v′jaijei
Ñðàâíèâàÿ (6.2) è (6.4) ïîëó÷àåì, ÷òî
(6.5) vi = v′jaij
Òàê êàê aij - íåâûðîæäåííàÿ ìàòðèöà, òî èç (6.5) ñëåäóåò
(6.6) v′i = vja−1ij
Ïðåîáðàçîâàíèå êîîðäèíàò (6.6) íå çàâèñèò îò âåêòîðà v èëè áàçèñà e, à îïðå-
äåëåííî èñêëþ÷èòåëüíî êîîðäèíàòàìè âåêòîðà v îòíîñèòåëüíî áàçèñà e.
Åñëè ìû èêñèðóåì áàçèñ e, òî ìíîæåñòâî êîîðäèíàò (vi) îòíîñèòåëüíî ýòî-
ãî áàçèñà ïîðîæäàåò âåêòîðíîå ïðîñòðàíñòâî V˜, èçîìîðíîå âåêòîðíîìó ïðî-
ñòðàíñòâó V . Ýòî âåêòîðíîå ïðîñòðàíñòâî íàçûâàåòñÿ êîîðäèíàòíûì âåê-
òîðíûì ïðîñòðàíñòâîì, à èçîìîðèçì êîîðäèíàòíûì èçîìîðèçìîì.
Ìû áóäåì îáîçíà÷àòü δk = (δ
i
k) îáðàç âåêòîðà ek ∈ e ïðè ýòîì èçîìîðèçìå.
Òåîðåìà 6.1. Ïðåîáðàçîâàíèÿ êîîðäèíàò (6.6) ïîðîæäàþò êîíòðàâàðèàíò-
íîå ïðàâîñòîðîííåå ýåêòèâíîå ëèíåéíîå ïðåäñòàâëåíèå ãðóïïû G, íàçûâà-
åìîå êîîðäèíàòíûì ïðåäñòàâëåíèåì.
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Äîêàçàòåëüñòâî. Äîïóñòèì ìû èìååì äâà ïîñëåäîâàòåëüíûõ ïàññèâíûõ ïðå-
îáðàçîâàíèÿ L(a) è L(b). Ïðåîáðàçîâàíèå êîîðäèíàò (6.6) ñîîòâåòñòâóåò ïàñ-
ñèâíîìó ïðåîáðàçîâàíèþ L(a). Ïðåîáðàçîâàíèå êîîðäèíàò
(6.7) v′′k = v′ib−1ki
ñîîòâåòñòâóåò ïàññèâíîìó ïðåîáðàçîâàíèþ L(b). Ïðîèçâåäåíèå ïðåîáðàçîâàíèé
êîîðäèíàò (6.6) è (6.7) èìååò âèä
(6.8) v′′k = vja−1ijb
−1k
i = v
j(ba)−1kj
è ÿâëÿåòñÿ êîîðäèíàòíûì ïðåîáðàçîâàíèåì, ñîîòâåòñòâóþùèì ïàññèâíîìó ïðå-
îáðàçîâàíèþ Lba. Ýòî äîêàçûâàåò, ÷òî ïðåîáðàçîâàíèÿ êîîðäèíàò ïîðîæäàþò
êîíòðàâàðèàíòíîå ïðàâîñòîðîííåå ëèíåéíîå ïðåäñòàâëåíèå ãðóïïû G.
Åñëè êîîðäèíàòíîå ïðåîáðàçîâàíèå íå èçìåíÿåò âåêòîðû δk, òî åìó ñîîòâåò-
ñòâóåò åäèíèöà ãðóïïû G, òàê êàê ïàññèâíîå ïðåäñòàâëåíèå îäíîòðàíçèòèâíî.
Ñëåäîâàòåëüíî, êîîðäèíàòíîå ïðåäñòàâëåíèå ýåêòèâíî. 
Ïðåäïîëîæèì, ÷òî ãîìîìîðèçì ãðóïïû G â ãðóïïó ïàññèâíûõ ïðåîáðàçî-
âàíèé âåêòîðíîãî ïðîñòðàíñòâàW ñîãëàñîâàí ñ ãðóïïîé ñèììåòðèé âåêòîðíîãî
ïðîñòðàíñòâà V . Ýòî îçíà÷àåò, ÷òî ïàññèâíîìó ïðåîáðàçîâàíèþ L(a) âåêòîðíî-
ãî ïðîñòðàíñòâà V ñîîòâåòñòâóåò ïàññèâíîå ïðåîáðàçîâàíèå L(a) âåêòîðíîãî
ïðîñòðàíñòâà W .
(6.9) E′α = A
β
α(a)Eβ
Òîãäà êîîðäèíàòíîå ïðåîáðàçîâàíèå â W ïðèíèìàåò âèä
(6.10) w′α = wβA(a−1)αβ = w
βA(a)−1αβ
Îïðåäåëåíèå 6.2. Ìû áóäåì íàçûâàòü îðáèòó
O((w, eV), a ∈ G, (wA(a)
−1, L(a)eV))
ãåîìåòðè÷åñêèì îáúåêòîì â êîîðäèíàòíîì ïðåäñòàâëåíèè, îïðåäåë¼í-
íûì â âåêòîðíîì ïðîñòðàíñòâå V . Äëÿ ëþáîãî áàçèñà e′
V
= L(a)eV ñîîòâåò-
ñòâóþùàÿ òî÷êà (6.10) îðáèòû îïðåäåëÿåò êîîðäèíàòû ãåîìåòðè÷åñêîãî
îáúåêòà îòíîñèòåëüíî áàçèñà e′
V
. 
Îïðåäåëåíèå 6.3. Ìû áóäåì íàçûâàòü îðáèòó
O((w, eW , eV), a ∈ G, (wA(a)
−1, L(a)eW , L(a)eV))
ãåîìåòðè÷åñêèì îáúåêòîì, îïðåäåë¼ííûì â âåêòîðíîì ïðîñòðàíñòâå V . Äëÿ
ëþáîãî áàçèñà e′
V
= L(a)eV ñîîòâåòñòâóþùàÿ òî÷êà (6.10) îðáèòû îïðåäåëÿåò
êîîðäèíàòû ãåîìåòðè÷åñêîãî îáúåêòà îòíîñèòåëüíî áàçèñà e′
V
è ñîîòâåò-
ñòâóþùèé âåêòîð
w = w′αE′α
íàçûâàåòñÿ ïðåäñòàâèòåëåì ãåîìåòðè÷åñêîãî îáúåêòà â áàçèñå e′
V
. 
Ìû áóäåì òàêæå ãîâîðèòü, ÷òî w - ýòî ãåîìåòðè÷åñêèé îáúåêò òèïà A
Òàê êàê ãåîìåòðè÷åñêèé îáúåêò - ýòî îðáèòà ïðåäñòàâëåíèÿ, òî ñîãëàñíî
òåîðåìå 2.14 îïðåäåëåíèå ãåîìåòðè÷åñêîãî îáúåêòà êîððåêòíî.
Îïðåäåëåíèå 6.2 ñòðîèò ãåîìåòðè÷åñêèé îáúåêò â êîîðäèíàòíîì ïðîñòðàí-
ñòâå. Îïðåäåëåíèå 6.3 ïðåäïîëàãàåò, ÷òî ìû âûáðàëè áàçèñ â âåêòîðíîì ïðî-
ñòðàíñòâå W . Ýòî ïîçâîëÿåò èñïîëüçîâàòü âìåñòî åãî êîîðäèíàò.
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Ìíîãîîáðàçèå áàçèñîâ
Àëåêñàíäð Êëåéí
Òåîðåìà 6.4 (ïðèíöèï èíâàðèàíòíîñòè). Ïðåäñòàâèòåëü ãåîìåòðè÷åñêî-
ãî îáúåêòà íå çàâèñèò îò âûáîðà áàçèñà e′
V
.
Äîêàçàòåëüñòâî. ×òîáû îïðåäåëèòü ïðåäñòàâèòåëÿ ãåîìåòðè÷åñêîãî îáúåêòà,
ìû äîëæíû âûáðàòü áàçèñ eV , áàçèñ eW = (Eα) è êîîðäèíàòû ãåîìåòðè÷åñêîãî
îáúåêòà wα. Ñîîòâåòñòâóþùèé ïðåäñòàâèòåëü ãåîìåòðè÷åñêîãî îáúåêòà èìååò
âèä
w = wαEα
Áàçèñ e′
V
ñâÿçàí ñ áàçèñîì eV ïàññèâíûì ïðåîáðàçîâàíèåì L(a). Ñîãëàñíî ïî-
ñòðîåíèþ ýòî ïîðîæäàåò ïàññèâíîå ïðåîáðàçîâàíèå (6.9) è êîîðäèíàòíîå ïðå-
îáðàçîâàíèå (6.10). Ñîîòâåòñòâóþùèé ïðåäñòàâèòåëü ãåîìåòðè÷åñêîãî îáúåêòà
èìååò âèä
w′ = w′αE′α = w
βA(a)−1αβA
γ
α(a)Eγ = w
′βE′β = w
Ñëåäîâàòåëüíî, ïðåäñòàâèòåëü ãåîìåòðè÷åñêîãî îáúåêòà èíâàðèàíòåí îòíîñè-
òåëüíî âûáîðà áàçèñà. 
Îïðåäåëåíèå 6.5. Ïóñòü
w1 = w
α
1Eα
w2 = w
α
2Eα
ãåîìåòðè÷åñêèå îáúåêòû îäíîãî è òîãî æå òèïà, îïðåäåë¼ííûì â âåêòîðíîì
ïðîñòðàíñòâå V . åîìåòðè÷åñêèé îáúåêò
w = (wα1 + w
α
2 )Eα
íàçûâàåòñÿ ñóììîé
w = w1 + w2
ãåîìåòðè÷åñêèõ îáúåêòîâ w1 è w2. 
Îïðåäåëåíèå 6.6. Ïóñòü
w2 = w
α
2Eα
ãåîìåòðè÷åñêèé îáúåêò, îïðåäåë¼ííûé â âåêòîðíîì ïðîñòðàíñòâå V íàä ïîëåì
F . åîìåòðè÷åñêèé îáúåêò
w2 = (kw
α
1 )Eα
íàçûâàåòñÿ ïðîèçâåäåíèåì
w2 = kw1
ãåîìåòðè÷åñêîãî îáúåêòà w1 è êîíñòàíòû k ∈ F . 
Òåîðåìà 6.7. åîìåòðè÷åñêèå îáúåêòû òèïà A, îïðåäåë¼ííûå â âåêòîðíîì
ïðîñòðàíñòâå V íàä ïîëåì F , îáðàçóþò âåêòîðíîå ïðîñòðàíñòâî íàä ïîëåì
F .
Äîêàçàòåëüñòâî. Óòâåðæäåíèå òåîðåìû ñëåäóåò èç íåïîñðåäñòâåííîé ïðîâåð-
êè ñâîéñòâ âåêòîðíîãî ïðîñòðàíñòâà. 
7. Ñïèñîê ëèòåðàòóðû
[1℄ Ï. Ê. àøåâñêèé, èìàíîâà ãåîìåòðèÿ è òåíçîðíûé àíàëèç,
Ì., Íàóêà, 1967
[2℄ . Êîðí, Ò. Êîðí, Ñïðàâî÷íèê ïî ìàòåìàòèêå äëÿ íàó÷íûõ ðàáîòíèêîâ
è èíæåíåðîâ, Ì., Íàóêà, 1974
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8. Ïðåäìåòíûé óêàçàòåëü
G-áàçèñ âåêòîðíîãî ïðîñòðàíñòâà9
G-êîîðäèíàòû áàçèñà10
G-ïðîñòðàíñòâî10
àêòèâíîå ïðåäñòàâëåíèå10
àêòèâíîå ïðåîáðàçîâàíèå íà
ìíîãîîáðàçèè áàçèñîâ10
àèííîå ïðåîáðàçîâàíèå íà
ìíîãîîáðàçèè áàçèñîâ11
àèííûé áàçèñ11
áàçèñ âåêòîðíîãî ïðîñòðàíñòâà9
âåêòîð-ñòîëáåö8
âåêòîð-ñòðîêà8
ãðóïïà ñèììåòðèè9
ãåîìåòðè÷åñêèé îáúåêò â âåêòîðíîì
ïðîñòðàíñòâå13
ãåîìåòðè÷åñêèé îáúåêò â êîîðäèíàòíîì
ïðåäñòàâëåíèè13
ãåîìåòðè÷åñêèé îáúåêò òèïà A â
âåêòîðíîì ïðîñòðàíñòâå13
ãðóïïà àèííûõ ïðåîáðàçîâàíèé11
êâàçèàèííîå ïðåîáðàçîâàíèå íà
ìíîãîîáðàçèè áàçèñîâ11
êâàçèäâèæåíèå íà ìíîãîîáðàçèè
áàçèñîâ12
êîîðäèíàòíîå âåêòîðíîå ïðîñòðàíñòâî12
êîîðäèíàòíîå ïðåäñòàâëåíèå ãðóïïû â
âåêòîðíîì ïðîñòðàíñòâå12
êîîðäèíàòíûé èçîìîðèçì12
êîîðäèíàòû ãåîìåòðè÷åñêîãî îáúåêòà13
êîîðäèíàòû ãåîìåòðè÷åñêîãî îáúåêòà â
êîîðäèíàòíîì ïðåäñòàâëåíèè13
êîîðäèíàòû ïðåäñòàâëåíèÿ9
ëåâîñòîðîííåå êîâàðèàíòíîå
ïðåäñòàâëåíèå ãðóïïû2
ëåâîñòîðîííåå êîíòðàâàðèàíòíîå
ïðåäñòàâëåíèå ãðóïïû3
ëåâîñòîðîííåå ïðåäñòàâëåíèå ãðóïïû2
ëåâîñòîðîííåå ïðåîáðàçîâàíèå1
ëåâûé ñäâèã íà ãðóïïå4
ëèíåéíîå ïðåäñòàâëåíèå ãðóïïû8
ìíîãîîáðàçèå áàçèñîâ àèííîãî
ïðîñòðàíñòâà11
ìíîãîîáðàçèå áàçèñîâ âåêòîðíîãî
ïðîñòðàíñòâà9
ìíîãîîáðàçèå áàçèñîâ åâêëèäîâà
ïðîñòðàíñòâà12
ìíîãîîáðàçèå áàçèñîâ öåíòðî-àèííîãî
ïðîñòðàíñòâà11
íåâûðîæäåííîå ïðåîáðàçîâàíèå1
îäíîðîäíîå ïðîñòðàíñòâî ãðóïïû5
îäíîòðàíçèòèâíîå ïðåäñòàâëåíèå
ãðóïïû5
îðáèòà ïðåäñòàâëåíèÿ ãðóïïû4
îðòîíîðìàëüíûé áàçèñ12
ïàññèâíîå ïðåäñòàâëåíèå10
ïàññèâíîå ïðåîáðàçîâàíèå íà
ìíîãîîáðàçèè áàçèñîâ10
ïðàâîñòîðîííåå êîâàðèàíòíîå
ïðåäñòàâëåíèå ãðóïïû3
ïðàâîñòîðîííåå êîíòðàâàðèàíòíîå
ïðåäñòàâëåíèå ãðóïïû3
ïðàâîñòîðîííåå ïðåäñòàâëåíèå ãðóïïû2
ïðàâîñòîðîííåå ïðåîáðàçîâàíèå2
ïðàâûé ñäâèã íà ãðóïïå4
ïðåäñòàâèòåëü ãåîìåòðè÷åñêîãî îáúåêòà
â âåêòîðíîì ïðîñòðàíñòâå13
ïðåäñòàâëåíèå ãðóïïû2
ïðèíöèï èíâàðèàíòíîñòè â âåêòîðíîì
ïðîñòðàíñòâå14
ïðîèçâåäåíèå ãåîìåòðè÷åñêîãî îáúåêòà è
êîíñòàíòû â âåêòîðíîì
ïðîñòðàíñòâå14
ïðÿìîå ïðîèçâåäåíèå ïðåäñòàâëåíèé
ãðóïïû5
ñòàíäàðòíûå êîîðäèíàòû áàçèñà10
ñóììà ãåîìåòðè÷åñêèõ îáúåêòîâ â
âåêòîðíîì ïðîñòðàíñòâå14
òðàíçèòèâíîå ïðåäñòàâëåíèå ãðóïïû5
öåíòðî-àèííûé áàçèñ11
ýåêòèâíîå ïðåäñòàâëåíèå ãðóïïû5
ÿäðî íåýåêòèâíîñòè ïðåäñòàâëåíèÿ
ãðóïïû5
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9. Ñïåöèàëüíûå ñèìâîëû è îáîçíà÷åíèÿ
An àèííîå ïðîñòðàíñòâî 11
B(An) ìíîãîîáðàçèå áàçèñîâ àèííîãî
ïðîñòðàíñòâà 11
B(V) ìíîãîîáðàçèå áàçèñîâ âåêòîðíîãî
ïðîñòðàíñòâà V 9
B(CAn) ìíîãîîáðàçèå áàçèñîâ
öåíòðî-àèííîãî ïðîñòðàíñòâà 11
B(En) ìíîãîîáðàçèå áàçèñîâ åâêëèäîâà
ïðîñòðàíñòâà 12
CAn öåíòðî-àèííîå ïðîñòðàíñòâî 11
e =< O, ei > àèííûé áàçèñ 11
e áàçèñ âåêòîðíîãî ïðîñòðàíñòâà 9
eV áàçèñ â âåêòîðíîì ïðîñòðàíñòâå V 9
e =< ei > öåíòðî-àèííûé áàçèñ 11
En åâêëèäîâî ïðîñòðàíñòâî 11
Enm ïñåâäîåâêëèäîâî ïðîñòðàíñòâî 11
e =< ei > îðòîíîðìàëüíûé áàçèñ 12
ei
k
ñòàíäàðòíûå êîîðäèíàòû áàçèñà 10
ek âåêòîð áàçèñà 10
GL(An) ãðóïïà àèííûõ
ïðåîáðàçîâàíèé 11
G(V) ãðóïïà ãîìîìîðèçìîâ âåêòîðíîãî
ïðîñòðàíñòâà V 9
L(a)b ëåâûé ñäâèã 4
L(g)e ïàññèâíîå ïðåîáðàçîâàíèå 10
l(M) ìíîæåñòâî ëåâîñòîðîííèõ
íåâûðîæäåííûõ ïðåîáðàçîâàíèé
ìíîæåñòâà M 1
O((w, eV), a ∈ G, (wA(a)
−1, L(a)eV ))
ãåîìåòðè÷åñêèé îáúåêò â
êîîðäèíàòíîì ïðåäñòàâëåíèè 13
O((w, eW , eV ), a ∈ G, (wA(a)
−1, L(a)eW , L(a)eV ))
ãåîìåòðè÷åñêèé îáúåêò 13
O(v, g ∈ G, f(g)v) = {w = f(g)v : g ∈ G}
îðáèòà ïðåäñòàâëåíèÿ ãðóïïû G 4
R(g)e àêòèâíîå ïðåîáðàçîâàíèå 9
R(a)b ïðàâûé ñäâèã 4
r(M) ìíîæåñòâî ïðàâîñòîðîííèõ
íåâûðîæäåííûõ ïðåîáðàçîâàíèé
ìíîæåñòâà M 2
V˜ êîîðäèíàòíîå âåêòîðíîå ïðîñòðàíñòâî
12
(vi) êîîðäèíàòû â âåêòîðíîì
ïðîñòðàíñòâå 12
V âåêòîðíîå ïðîñòðàíñòâî 9
δ òîæäåñòâåííîå ïðåîáðàçîâàíèå 2
δk = (δ
i
k
) îáðàç âåêòîðà ek ∈ e ïðè
èçîìîðèçìå â êîîðäèíàòíîå
âåêòîðíîå ïðîñòðàíñòâî 12
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